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POSITIVE CONES AND FOCAL POINTS FOR A
CLASS OF nTH ORDER DIFFERENTIAL EQUATIONS
BY
M. S. KEENER! AND C. C. TRAVIS

ABSTRACT. Necessary and sufficient conditions are obtained for both the
existence and absence of focal points for a class of nth order linear
differential equations. The techniques utilized the theory of pg-positive
operators with respect to a cone in a Banach space.

I. Introduction. We shall be concerned with the focality properties on an

interval (a, B8) of a class of nth order (possibly nonselfadjoint) differential
equations of the form

n—1
(1.1) YO = (T E Ay =0,

where the continuous coefficients p; are assumed to satisfy certain positivity
conditions; namely, p,(x) > 0,0 < i < k, (—D)pi(x) 20, 1<i<n—k
— 1, for x € (a, B), and p, is not identically zero on any subinterval of
(a, B). The (k, n — k) focal point n,(a), associated with the point a, of the
nth order differential equation (1.1) is defined to be the smallest real number
greater than a such that (1.1) has a solution which is positive on the interval
(a, n(a)] and satisfies the boundary conditions

12 yPa)=0, 0<i<k-1,
y(m(a)) =0, k<i<n-1

If equation (1.1) does not possess a (k, n — k) focal point in the interval
(a, B), it will be said to be (k, n — k) disfocal on [a, B).

The primary purpose of the present study is to investigate the relationship
between the existence of (k, n — k) focal points of equation (1.1), and the
existence of functions contained in the positive cone of a particular Banach
lattice which satisfy certain integral inequalities. Once this relationship has

Received by the editors August 16, 1976.

AMS (MOS) subject classifications (1970). Primary 35C10, 34B10, 34B25, 35B05; Secondary
47B55, 47E05.

Key words and phrases. Linear differential equations, focal points, disfocal, eigenvalues,
Po-positive operators with respect to a cone.

"This research was supported in part by a grant from Oklahoma State University College of
Arts and Sciences Office of Research and Graduate Studies.

© American Mathematical Society 1978
331



332 M. S. KEENER AND C. C. TRAVIS

been established, it will be employed to obtain explicit criteria, in terms of the
coefficients p,, for the presence or absence of (k, n — k) focal points of
equation (1.1).

While, at first, it may seem more natural to study the equation

n-1

(13) yOx) + X p(x)yP(x) =0,
i=0

or the equation
n—1

(1.4) y(x) = 2 pi(x)yP(x) =0,
i=0

we shall demonstrate in §IV that the existence of (k, n — k) focal points for
these equations is subject to certain parity restrictions. A necessary condition
for an equation of the form (1.3) to have a (k, n — k) focal point is that
n — k be odd, while for equations of the form (1.4) n — k must be even.
Thus, if we are only concerned with the study of focal points, equations (1.3)
and (1.4) may be replaced by the single equation (1.1).

Much of the motivation for the present study comes from results of Z.
Nehari [6] on the disconjugacy properties of the equation y™ —
(—=1)""*po(x)y = 0. Nehari demonstrated that criteria for the presence or
absence of focal points for this class of equations can be formulated in terms
of integral inequalities involving appropriate Green’s functions. This obser-
vation also forms the basis of our results. However, our formulation will be in
the abstract setting of a Banach lattice and will rely heavily on the theory of
Ko-Dositive linear operators. Moreover, our method of proof will demonstrate
the close relationship between the focality properties of equation (1.1) and the
existence of a smallest positive eigenvalue for the nth order equation.

(1.5) yO(x) = (=1 nil Pi(x)yP(x) =0,
i=0

subject to the boundary conditions
yNa)=0, 0<i<k-1,

y(B)=0, k<i<n-k-1
This problem will be termed the (k, n — k) focal point eigenvalue problem. A
similar, though somewhat less general, eigenvalue problem was studied by R.
D. Gentry and C. C. Travis in [1], [2].

In §II we first give some basic results concerning eigenvalues of operators
defined on a Banach space % which are py-positive with respect to a cone 9.
We then introduce the equivalent integral equations for the (k, n — k) focal

point eigenvalue problem, and, applying the theory of p,-positive operators,
establish the existence of a smallest positive eigenvalue for the eigenvalue

(1.6)
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problem (1.5)<(1.6). We remark here that without some restriction on the
coefficients p;, eigenvalue problems of the form (1.5)(1.6) need not always
have an eigenvalue. Indeed, suppose y(x) is a solution of the equation (A
finite)

n—1
y®(x) = (=1)""A Zk Pi(x)y(x) =0
i=
satisfying conditions (1.6). If we set v = y®), then v is a solution of
n—k-1
o@D = (TR Z P00 =0,
i=

with (n — k) zeros at x = B. Hence y®(x) = v(x) = 0 on [a, B]. Using the
boundary conditions on y at x = a, it follows that y(x) = 0 on [a, 8].

In §III we obtain an extremal characterization of the smallest positive
eigenvalue of the (k, n — k) focal point eigenvalue problem. In §IV we obtain
necessary and sufficient conditions for the existence or absence of (k, n — k)
focal points in terms of integral inequalities involving the Green’s function for
the operator (—1)*~%®. In §V, by considering equation (1.1) under the
assumption p;(x) =0, k < i < n — 1, we obtain more explicit criteria. For
example, a sufficient condition for equation (1.1) to be (n — 1, 1) disfocal on
the interval [0, oo) is that

U——I_T)? fxw”(s)sn_l s (n 1 2)! fan(s)s""ds +...

+[Tpui(s)ds <1 forx >0,

while a necessary condition that equation (1.1) be (n — 1, 1) disfocal on the
interval [a, o0) is that

X ® n— X ® n—
fxpo(s)s 2ds+mL p(s)s"3ds + ...

(n— 1)

0
+xf Pn-2(s)ds <1, forx > 0.
X

I1. p, = positive operators. Let B denote a real Banach space.

DEFINITION 2.1. A closed subset ? of 9 is called a cone if it satisfies

HuePandveP=u+0veEP,

()ue P and7>0=>mu e P,

(l)ucPand —~uE€P=u=0.

Every cone 9 on a Banach space % generates a partial ordering on both
the space % and the space of bounded linear operators mapping ¥ into
itself. For a given cone & of a Banach space ® and elements u, v € B, we
will say that u < v if and only if v — u € 9. For bounded linear operators
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M and L defined on B, we will say that M < L with respect to ¢ if and
only if Mu < Luforallu € 9.

DEFINITION 2.2. A bounded linear operator M defined on a Banach space
B is py-positive (with respect to a cone P of D) if there exists a nonzero
element p, € P such that for every nonzero element u € P, there exist
positive numbers k, and k, such that k, py < Mu < k, .

The class of py-positive operators has been studied by M. A. Krasnoselskii
and L. A. Ladyzenskii. The interested reader is referred to [4] for an extensive
development of their theory and application. The following theorem is one of
the fundamental properties of compact py-positive linear operators.

THEOREM 2.1. If L is a compact py-positive linear operator, then L has
exactly one (normalized) eigenvector in @ and the corresponding eigenvalue is
simple, positive, and larger than the absolute value of any other eigenvalue.

We next introduce an extension of a result of C. C. Travis [7, p. 365]
concerning the comparison of eigenvalues of py-positive operators. The proof
is similar to that in [7] and will be omitted.

THEOREM 2.2. Let L and M be bounded linear operators and assume that at
least one of the operators is py-positive. If L < M and

Luy >\u, (4, €9D,)\ >0)
and
Mu, < Mp, (i, €E9,0,>0)
then \; < A, and if \| = N, u, is a scalar multiple of u,.
We now introduce the differential operator
2.1) D[u] = (=1)" *u®
subject to the (k, n — k) focal point boundary conditions (1.4). It is easily
verified that the Green’s function for this differential operator is given by the
following result.

THEOREM 2.3. The Green’s function G, for the operator (2.1) subject to the
(k, n — k) focal point boundary conditions (1.4) is given by

' 1 x ke
mLLXk...sz(s—xl) "'dx,...dxk
Jora<x<s< B,

1 X (o )
(k—l)!j;f: k---f:’(x-x,)" Vdx,...dx,_,
“ fora<s<x< B,

Gy (x,5) =
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or equivalently,

.

(n- 1: - 1) (k .1 1)! j;x(s = x)" T N = ) ey

Jora< x<s< B,

G (x,5) =1 s
T G L T e )

{ fora<s<x< .

Rather than studying the differential operator (1.1) subject to the (k, n —
k) focal point boundary conditions (1.4), we introduce the following equiva-
lent integral operator defined on the Banach space

P = {u € C" Y a, ,B]|u"')(a) =0,i=01,...,k- l}
equipped with the usual sup norm:

B n—1 .
2.2) M[u] = f G, (x, 5) go pi(s)u(s) ds.

We shall consider the p,-positivity of this operator with respect to the cone ¥,
of functions contained in the Banach space ® such that u)(x) > 0 on [a, 8]
fori=0,1,...,kand (—1Yu®**?)(x) > Oon[a, B]forj=0,1,...,n— k
- L

LemMMA 2.4. If 0 < p(x)on[a, Blfori=0,1,...,kand 0 < (=1)p;.,;(x)
onla,B) for j=0,1,...,n—k — 1, then the operator (2.2) is py-positive
with respect to the cone 9.

Proor. For v € ?,, we shall denote the function M[v](x) by k(x). Now, to
demonstrate that the operator M is py-positive with respect to the cone ¥, we
must show that there exists g, € 9, such that for any nonzero v € 9, there
exist positive constants r, and r, such that

R ) < B <, i=01...,k
(23) (= 1R (x) < (= 1R (x) < ry(= 1) pdE(x),
j=01...,n—-k-1

Let v be a fixed but arbitrary nonzero element of the cone 9, and let p, be
the function defined by

) wo(x) = [ *Ge(x,5) a.

Since we are assuming that v € 9,, we have that =7Z)p,(x)0)(x) > 0 on
[a, B]). Thusfori =0, 1,..., k, we have
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i
W) = [* L G(x s ds >0
a Ox'

and

iy = (PO S @

KOx) = [ 2= G(s,9) S pls)o(s) ds > 0.

a Ox' i=0
Also, since
1 8 ke
#6"’(X)=(,,—_,(Tmfx (s=x)"*"ds

and

) =____ B n—k-1 0
MO = oy -9 zp.(s)v (s) s,
we have thatforj=0,1,...,n — k — 1,

1 B n—k-j—1
(n_k__j_l)!j;(s—x) I~lds >0

(=1 i (x) =

and
(_ l)jh(" +j)(x)

= o [0S e >0

Thus py € 9, and the operator M is positive with respect to the cone ?,. We
will now show that M is pg-positive where g, is defined by (2.4). It follows
from the above calculation that

(=) *pP(x) =1
and

=190 =S pi(1)0(),
i=0Q

and hence that (—1)"~*u{"(8) > 0 and (—1)""*A®)(8) > 0. As p” and h™
are continuous, we may determine positive constants ¢, and ¢, and a § €
[a, B) such that, for x € [¢, B8],

e (= 1) p(x) < (= 1) R(x) < (= 1)"7F ().

Integrating this inequality and using the fact that p{*~P(8) = K~ Y(B8) =0
yields the inequalities,

el(__I)Il-k"lll(()n—l)('x) < (_ l)n—k-lh(n—l)(x) < 82(_1)ll—k~-lp(()n-'l)(x)
for x €[4 Bl Now, from the fact that (—1y""*~'u{(x) < 0 and
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(—=1y""*"1h™(x) < 0 on [a, B] and the fact that u{"~ (&) and A"~ () are
positive, we conclude that(—1)""*~'p{""U(x) and (—1)""*~Th®~V(x) are
strictly positive and bounded on [a, £§]. Consequently, we may determine
positive constants §, and 6, such that for x € [a, £],

8 (=" T 00 < (=1 TR T0() < 8y (= 1) ST ).
Setting r; = minimum{e,, §,} and r, = maximum(e,, 6,}, we have that
(=1 () < (= 1)) < (= 1) ()

for all x in [a, B]. Integrating these inequalities and using the fact that p, and
h satisfy the boundary conditions

() = ko(2) = -+ - = W O(e) = ()
= P(gk'”)(ﬁ) —_ e = n—l)(B) =0
and
h(a) = K(a) = - - - = h%=D(g) = RO B)
= h(k+l)(ﬁ) = = h(n—l)(B) =0,

we obtain (2.3) and the proof is complete.

An application of Ascoli’s theorem enables one to demonstrate that the
operator M is compact on the Banach space ®. Thus it follows from
Theorem 2.1 that M has exactly one normalized eigenvector in the cone ¥,
and the corresponding eigenvalue is simple, positive, and larger than the
absolute value of any other eigenvalue. In order to express this result in terms
of differential equations, consider the equation

n—1
u(x) = (=12 Z p(x)u(x) = 0,
i=0
@5 0< p(x) on[a,B]fori=0,1,...,k
0<(=1)pyj(x) on[a,B]forj=0,1,...,n—k—1,
subject to the boundary conditions
u(a) =w(a)="--- = u*Dq) =0,
26 (@) = (o) (@
u""(ﬁ) = u(k+l)('3) = .0 = u("")(ﬁ) =0,

A similar, though somewhat less general, eigenvalue problem was studied by
R. D. Gentry and C. C. Travis in [1]. Our previous discussion establishes the
following theorem concerning the existence of a smallest positive eigenvalue
for this problem.

THEOREM 2.4. The (k, n — k) focal point eigenvalue problem (2.5)+2.6) has
at least one real eigenvalue which is simple, positive and smaller than the
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absolute value of any other eigenvalue. The normalized eigenvector associated
with this eigenvalue is contained in the cone P, and is the only eigenvector with
this property.

III. An extremal principle. In this section we are interested in obtaining an
extremal characterization of the smallest positive eigenvalue of A, of the nth
order nonselfadjoint (k, n — k) focal point eigenvalue problem

) = (<N E, PO =0

(€R)) u(a) =w(a)="-- =uk"Va)=0,
u(k)(B) = u("“)(B) = e = u(n—l)(B) =0,

where the coefficients p; satisfy the positivity conditions 0 < py(x) on [a, B8],
0< p(x)on[a,Blfori=1,2,...,k and 0 < (—=1)p,;(x) on [a, B] for
j=12...,n—k-1

The Banach space %, the cone ¥, and the bounded linear operator M are
assumed to be defined as in §II. We shall let B’ denote the dual space of
continuous linear functionals on B, and ¥; denote the “dual cone” of all
elements of B’ that are nonnegative on ?,,i.e. P = {x’ € B": {x,x) > 0
for all x € 9, }, where (x, x") denotes the pairing between an element x” of
B’ and x of B. Since P, is closed, it follows from the Krein-Putnam
theorem, on the positive extension of a positive linear functional from a
subspace to the whole space, that from the relation {x,x’) > 0 for all
x' € @/, one can conclude that x € ¥,. We shall also have need of the
spectral radius of M, ie., sup{|]\| ]\ € a(M)}, which we shall denote by
r(M). We note that since M is compact Ay = r(M).

LEMMA 3.1. If 0 < py(x) on [a, B, 0 < pi(x)on[a,Blfori=1,2,...,k,
0< (=1Ypsj(x)on[a,Blforj=12,...,n—k—1,and r(M) <A, then
(M — M)~ is a bounded operator which is positive with respect to the cone ¥,.

ProoF. That (\] — M)~ is a bounded operator follows from the definition
of the spectral radius of M. To demonstrate that \/ — M)~! is a positive
operator with respect to the cone ¥,, we first notice that it follows from
Lemma 2.1 that M is positive with respect to the cone %,. Now, since the
cone @, is closed, we have that for any x € @,

0
M -M)"'x=A"M""x€P,.
n=1
We are now ready to present the main result of this section.

THEOREM 3.1. If 0 < py(x) on [a, B, 0 < p(x) on [a,B] for i=
L2,...,k and 0 < (=1Ypy;(x) on [a, B] for j=1,2,....,n—k—1,
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then the smallest positive eigenvalue A, of the (k, n — k) focal point eigenvalue
problem (3.1) can be characterized by the extremal principle

62 rt o ma (GG QUITIR()uTs) s
A () i

u0
The unique function, except for a constant multiple, which maximizes (3.2) is the
Ppositive eigenfunction corresponding to the eigenvalue A,.

Proor. Define the mapping ¢: ¢, — R by

£(x) = [sup{}\ € RA(x, x> < {Mx, x'), x' € 9;} ifx#0,
0 ifx=0.

We first notice that 0 < &(x), since M is positive with respect to 9,.
However, in order to show that £ is well defined, we must demonstrate that
for x € P, sup{A € R]A(x, x’) < (Mx, x'), x’ € P{} < 0. We shall do
this by demonstrating that £(x) < r(M) for all x € ¥,. Suppose that there
exists xo € P, such that r(M) < §(x,) < +oco. Then there exists u > r(M)
such that u{xg, x> < {(Mx,, x") for all x’ € P;. This implies that Mx, — px,
€ 9,, from which it follows that

~xo= (i = M)"\(M ~ pl)x, € 9.

Thus x, = 0, which is a contradiction. We have now shown that 0 < §(x) <
r(M) for all x € 9, and hence that

sup §(x) < r(M).
xEP,

Now, for each u € ¥, define the positive linear functional v’ € ¥, by
{x, w') = [Bx(s)u(s) ds for all x € P,. Then, for each x € P,, we have that
sup {AA (x, w') < {Mx,'u)} < §x) and, consequently, that sup{A|
Au, u) < {Mu,'u)} < §(u) < r(M). It follows that
T8 Mu](s)u(s) ds
ued,  [BuP(s)ds
us0 .
Since we have equality when u is equal to a constant multiple of the
eigenfunction corresponding to A, the first part of the theorem is proven.
To prove the remainder of the theorem, we shall let p, denote the positive
normalized eigenfunction corresponding to the eigenvalue A, and assume that
there exists 4 = 0 € 9P, such that

f‘,‘/g[Mﬁ](s)'2 (s) dY/LBﬁz(s) ds = Ay,

We would like to show that # is a scalar multiple of p, Let A, ER be a
sequence such that A, — £(i%) and 0 < Mi — A, 4. Since the cone is closed,

<r(M)=XN"
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Mi — §@)a = lim,_, Mi — N\,i € P,. It follows from the definition of £
that &) = Ag’! and thus that Ay '@ < Mi. We already know that My, =
A¢ 'uy and that M is py-positive with respect to the cone ¥,. We can thus
apply Theorem 2.2 to conclude that i is a scalar multiple of u,.

COROLLARY 3.1. The smallest positive eigenvalue A, of the eigenvalue problem
(3.1) is a strictly monotone decreasing function of the right end point B of the
integral [a, B].

PROOF. Let Ay( B), i = 1, 2, denote the smallest positive eigenvalue of (3.1)
on the interval [a, B8], i = 1, 2. We must demonstrate that B, < B, implies
that Ay(B,) < Ay(B))- Let v, denote the the normalized eigenfunction corre-
sponding to the eigenvalue Ay( 8,). Define the function h € C"~'[a, B;] by

v,(x) forx €[a, 8],
h(x) = 2‘( _.31)

i=0

of’(By) forx €[ B, B,].

Then k is contained in the positive cone 9, for ® = C" '[a, B,]. We know
that

A (Be) = Gy e = 0! 2 PUsO(s) ds
for x € [a, B,], and, since

HO(x) = oP(x) forx €[a, B],
0 forx €[ B, B,
we have that

A (BHOR) < g —pyr S = '2 P(sYH(s) ds

for x € [a, B,]. Now if we let

n—1
R(x) = [*6(x5) B p(s)s) &

for x € [a, B,), then
n—1
N (BIKRC) < Gy [ =0T S phO) 4
= R(k)( x)

for x €[a, B,]. Since R — Ay '(B))h is of class C*~'[a, B], by Taylor’s
Theorem
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k=t [R9(a) = A (B, YA ()
RGN (B = 5 DN L«

1
i=0 L

- a)'

+ iy L 0= 9 RO - (BRG] e

Since R™(a) = (@) =0fori=0,1,..., — 1, it follows that Ay '(B)h(x)
< R(x) for x € [a, B8,]. Thus

N8 <6 (n ) S, PO a5/ [P0 e

< max [ %Gy (3 5) (x) 2 PO a5/ [ P42() s

re
p#o

=25 '(B,)-

The result now follows.

IV. Focal points. We first review the definition of the (k, n — k) focal point
n, () associated with the point a. It is defined to be the smallest real number
greater than a such that the nth order differential equation

n—1
@.1) u(x) = (=1)"* T p(x)u(x) =0

i=0
has a solution which is positive on the interval (a, n,(a)] and satisfies the
conditions

u(@)=w(a)="--- =u*"Na)=0,
wP(B) = u*D(B) = - = urD(p) =,

where B8 = m,(a). The equation (4.1) is termed (k, n — k) disfocal on the
interval [a, B) if it does not possess a (k, n — k) focal point in this interval.
Our first result establishes a relationship between the absence of a (k, n — k)
focal point of equation (4.1) and the magnitude of the smallest positive
eigenvalue A of the (k, n — k) focal point eigenvalue problem

4.2)

43) u"(x) = (- l)"—"}\”il pi(x)u?(x) =0,
i=0

subject to the boundary conditions (4.2).

THEOREM 4.1. A necessary and sufficient condition for equation (4.1) to be
(k, n — k) disfocal on the interval [a, B), @ < B < + o0, is that the smallest
eigenvalue Ao( B) of the eigenvalue problem (4.3) on the interval [a, B] satisfy
1 < A(B), for every B such that « < B < .

ProoF. If equation (4.1) has a (k, n — k) focal point B, = n(a) in the
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interval [a, B), then the smallest positive eigenvalue of (4.3) on the interval
[a, Bi]is Ag(B)) = 1. Since Ay( B) is monotonic decreasing as a function of the
endpoint B of the interval [a, B], it follows that Ay(8) < 1 for 8, < B. To
prove the converse, assume that equation (4.1) is (k, n — k) disfocal on the
interval [a, B) and that there exists a 8 such that « < B < B and Ao B) < 1.
As B decreases to a, the eigenvalue Ay (B) increases without limit in a
continuous manner. There exists therefore a value 8, (a < S, < l-f) for which
Ao(By) = 1. This is in contradiction to the fact that equation (4.1) is (k, n —
k) disfocal on the interval [a, B). Since the smallest positive eigenvalue Ay( 3)
is monotonic decreasing as a function of B, it follows that a necessary and
sufficient condition for equation (4.1) to be (k, n — k) disfocal on a finite
interval [a, B) is that 1 < Ay(8). This completes the proof of the theorem.

We know from the definition of the (k, n — k) focal point n,(«) that the
corresponding (k, n — k) focal function is positive on (a, n,(a)]. Actually,
much more is true: the (k, n — k) focal function belongs to the cone ¥;. To
see this, let 8 = n,(a) be the (k, n — k) focal point associated with the point
a, and v the corresponding (k, n — k) focal function. Then v satisfies the
equation

n—1
o) = [ "6u(x.9) 3, p1os) s

We know that the (k, n — k) focal point eigenvalue problem on the interval
[a, B] has a smallest positive eigenvalue A, and an eigenfunction uy(x)
belonging to the cone ¥, which satisfies

4.4 Ag g (x) = f Gy (%, 5) 2 Pi(s)u§(s) ds.

If Ay <1, then it follows from Theorem 4.1 that equation (4.1) has a
(k, n — k) focal point in the interval [a, B8), which is impossible. Thus 1 < A,.
If 1<), then A;! would not be the largest eigenvalue of the compact
o-Positive operator

M) = [76,5) S, p WO d

in contradiction to Theorem 2.1. Thus Ay = 1 and v is a constant multiple of
u,, and hence is contained in the cone 9,.

Since every (k, n — k) focal function actually belongs to the cone 9, we
shall at this point modify our definition of a (k, n — k) focal point. The
(k, n — k) focal point n, () shall be defined as the smallest real number
greater than a such that the nth order differential equation (4.1) has a
nontrivial solution contained in the cone 9, which satisfies the boundary
conditions (4.2).



CLASS OF nTH ORDER DIFFERENTIAL EQUATIONS 343

Nehari [6] has shown that the (k, n — k) focal points of equations of the
form

@.5) u™(x) + P(x)u(x) =0, P(x) >0,
or
“6) u(x) = P(xu(x) =0, P(x) >0,

are subject to certain parity restrictions: for equation (4.5), n — k must be
odd, while for equation (4.6) n — k must be even. A similar result is true for
equations of the form (4.1). In fact, if equation

WD)+ S () = 0
i=0

were to have a (k, n — k) focal point with n — k even, then the (k, n — k)
focal function v would satisfy

n—1
= o) = ["6.(9) 3. p(s)07s)

This is impossible, since the right side of this equation is positive while the left
side is negative. We thus have the following result.

THEOREM 4.2. A necessary condition for the equation

n—1
4.7 u™(x) + > pi(x)u?(x) =0,

i=0
to have a (k,n — k) focal point is that n — k be odd, while a necessary
condition for the equation

(4.8) u(x) - nil pi(x)u(x) =0,
i=0

to have a (k, n — k) focal point is that n — k be even.

Thus, if we are only concerned with the study of (k, n — k) focal points,
equations (4.7) and (4.8) may be replaced by the single equation (4.1). At this
point, we shall present some necessary and sufficient conditions for the
absence of (k, n — k) focal points on a finite interval [a, 8) which are
formulated in terms of integral inequalities involving the Green’s function
G,(x, 5). These results extend corresponding results by Nehari [6].

THEOREM 4.3. A necessary and sufficient condition for equation (4.1) to be
(k, n — k) disfocal on the finite interval [a, B) is that there exists a nontrivial
Junction v contained in the cone ¥, such that

49) [ ?Ge (1) S P(s)oP(s) ds <
a i=0
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with respect to the cone ¥;. That is, for i=01...,k
(4.10) [ f o G (x5) 2 pi(s)o(s) ds < v@(x)
and, for j = 0, 1,...,n-—k— 1,

n—1
Ty A A IO OF

@.11)
< (= 1yo**(x)
Jor x in[a, B).

ProoFr. If equation (4.1) is (k, n — k) disfocal on the interval [a, 8), then
by Theorem 4.1, the smallest positive eigenvalue Ay(B) of the eigenvalue
problem (4.3) satisfies 1 < Ay(B). Let v be the normalized eigenfunction
contained in the cone &, corresponding to Ag(B). Then

4.12) f G (-, 5) 2 Pi(s)o(s) ds = A5 (B)v < v

i=0

with respect to the cone @,. To prove the converse, suppose that there exists
a nontrivial function v contained in the cone ¥; such that

n—1
M[o] = [*G(,9) 3 p(s)e(s) ds < v

with respect to the cone ¥,. Letting Ay( 8) be the smallest positive eigenvalue
of equation (4.3) and w its corresponding normalized eigenfunction, we have
M[w] = Ay (B)w. Since M is a compact p,-positive operator, it follows from
Theorem 2.2 that 1 < Ay(B), and hence that equation (4.1) is (k,n — k)
disfocal on the interval [a, 8).

COROLLARY 4.4. A necessary and sufficient condition for equation (4.1) to be
(k, n — k) disfocal on the finite interval [a, B) is that there exists a nontrivial
Junction v contained in the cone 9, such that

@13) (=1 *o(x) =S (x)o2(x) > 0
i=0

for x in [a, B].

Proor. If equation (4.1) is (k, n — k) disfocal on the interval [a, B8), then
the normalized eigenfunction v corresponding to the smallest positive
eigenvalue Ay( B) of the eigenvalue problem (4.3) satisfies

n—1
0900 = (=1"Na(B) 3, p(x)0°() =0,
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for x in [a, B]. Thus
:i; PR0(x) = A1 (B)(= 1) M(x) < (—1)" (),

for x in [a, B), since Ay '(B) < 1. To prove the converse, assume that there
exists a nontrivial function v contained in the cone ¥, such that (4.13) is
satisfied. Repeated integration of (4.13) from x to 8, combined with the fact
that (= 1Yo**X(B) > 0forj=0,1,...,n — k — 1, yields (4.11). Repeated
integration, over the interval [a, x], of

m‘[ (s - x)" —k- 12 p,(s)v(‘)(s)ds < v(k)(x)

combined with the fact that v(a) = 0 for i=01...,k—1,yields (4.9).
Thus by Theorem 4.3, equation (4.1) is (k, n — k) disfocal on the interval
[a, B), and the proof is complete.

This corollary may be used to provide a comparison result.

COROLLARY 4.5. If equation (4.1) is (k, n — k) disfocal on the finite interval
[, B) and if the continuous functions {q;}72{ satisfy the inequalities
g(x) < p(x), i=0,1...,k
(~D'%si(®) S (=D'Pesi(®)y  i=1L...,n—k-1,
on [a, 3], then the equation

n—1
u® — (=13 g =0
i=0Q

is (k, n — k) disfocal on [a, B).

Proor. If equation (4.1) is (k, n — k) disfocal on the interval [a, ), then
by Corollary 4.4 there exists a nontrivial function v € @, such that

(= 1)" %" (x) > nil pi(x)o?(x) on[a,B].
i=0

Since 223 p;(x)0(x) > Z724q:(x)v?(x) on [, B], the proof is completed by
applying the sufficiency criteria of Corollary 4.4.

We are also able to obtain necessary and sufficient conditions for the
existence of (k, n — k) focal points on a finite interval (a, 8] in terms of
integral inequalities involving the Green’s function G,.

THEOREM 4.6. A necessary and sufficient condition for the interval (a, B] to
contain a (k, n — k) focal point of equation (4.1) is that there exists a nontrivial
JSunction v contained in the cone 9, such that
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n—1
@.14) [56.6.9 2 nlsys)as > o
« i=0
with respect to the cone @k That is, fori =0,1,...,k,
(4.15) [r2 ; G (%, 5) 2 Pi(s)o(s) ds > v(x),

andforj=0,l,...,n-—k-—l

(4.16) (n— k -Jj-=n! f (s- x)n k-j-1 lgop(s)v(z)(s) ds

> (= 1o *2(x),

Jor x in [a, B].

Proor. If equation (4.1) has a (k, n — k) focal point n,(a) = B, in the
interval (a, 8], then the smallest positive eigenvalue Ay( 3,) of the eigenvalue
problem (4.3) on the interval [a, B,] satisfies Ay( 8,) = 1. Since B, < B, we
have that Ay(B) < Ay(B;) =1. Let v be the normalized eigenfunction
contained in the cone @, corresponding to Ag( 8). Then

n—1
[[Gu) Z )5y ds =25 (B > 0

with respect to the cone ?,. Now, suppose that the inequality (4.14) is
satisfied for some nontrivial v contained in the cone @,. Let Ao(8) be the
smallest positive eigenvalue of the eigenvalue problem (4.3) and w the
corresponding normalized eigenfunction. Then M[w] = Ag!'(8)w and M|[v]
> v. Since M is a compact pg-positive operator, Theorem 2.2 implies that
Ao(B) < 1, and it thus follows from Theorem 4.1 that equation (4.1) has a
(k, n — k) focal point n, () in the interval (a, 8].

We present the following corollary without proof:

COROLLARY 4.7. A necessary and sufficient condition for equation (4.1) to
have a (k,n — k) focal point in the interval (a, B] is that there exists a
nontrivial function v contained in the cone ¥, such that

4.17) (- 1" o (x) - nil Pi(x)p(x) <0
i=0

Jor x in[a, B].

V. More on focal points. In this section we consider the (k, n — k) focal
point problem for the less general equation

k
.1) ym - (=1"F Zopi(X)u“’(x) =0,
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where p;, i =0, 2,..., k, are nonnegative and continuous on [a, 8]. Since
the higher order derivatives are missing in equation (5.1) it is possible to
obtain more explicit conditions for disfocality than those presented in §IV.
Furthermore, these results generalize those of Nehari [6].

The problem may be formulated as above by considering the differential
operator Du = (—1)""%u™, subject to the (k, n — k) focal point boundary
conditions (1.2). We use the Green’s function (Theorem 2.3) to define the
integral operator

k
{u] = [ "G,z 5) 2 p(s)u(s) s

on the Banach space C*[a, B8]. Following the same analysis as in §II, M is a
compact py-positive operator with respect to the cone 2, of function in
C*[a, B] for which u®(x) > Oon [a, B8],i =0, 1, ..., k. Note that the only
essential difference in the two formulations is the choice of the cones. It
follows that the results of §IV also hold for equation (5.1). For reference we
state the analogues of Theorems 4.3 and 4.6 respectively.

THEOREM 5.1. A necessary and sufficient condition for equation (5.1) to be
(k, n — k) disfocal on the finite interval [a, B) is that there exists a nontrivial
JSunction v contained in the cone 2, such that

G.2) f g _8_8‘_‘ Gy (%, 5) é pi(s)0(s) ds < v9(x)
a o0X i=0

Jori=0,1,2,...,kand x € [a, B].

THEOREM 5.2. A necessary and sufficient condition for the interval (a, B] to
contain a (k,n — k) focal point for equation (5.1) is that there exists a
nontrivial function v contained in the cone %, such that for x € [a, B8],

i k .
(5.3) j; g —a%;; G (%, 5) go 2,(s)0P(s) ds > v(x)

fori=0,1,...,k.

The following simpler characterizations can now be given which generalize
Theorem 5.2 [6].

THEOREM 5.3. Equation (5.1) is (k, n — k) disfocal on the finite interval
[a, B) if and only if there exists a nontrivial function v € 2, such that for
x € [a, B],

k
6 o Lm0 2 R0 di < o),

PROOF. Assuming that equation (5.1) is (k, n — k) disfocal on [a, B8), the



348 M. S. KEENER AND C. C. TRAVIS

result follows trivially from Theorem S5.1. Suppose that such a function
0 € 2, exists. Integrating the quality (54) from a to x and using the
(k, n — k) focal point boundary conditions (1.2), it follows from Theorem 5.1
that equation (5.1) is (k, n — k) disfocal on [a, 8), and the proof is complete.

Due to Theorem 5.3, we may obtain an explicit sufficient condition on the
coefficients p;, i =0, 1, ..., k, for equation (5.1) to be (k, n — k) disfocal.
For example, define v(x) = (x — a)*/k!. Then vD(x) = (x — a)*~/(k —
N,i=01...,k and vx) =0, i > k. Then v € 2, and condition (5.4)
becomes

k
(n—]:_l)!j;p(s_ nklz (kl’:())'(s a)k—idg<]’

(5.5
x €[a, B].
This proves the following corollary.

COROLLARY 5.4. Condition (5.5) is sufficient for equation (5.1) to be (k, n —
k) disfocal on [a, B).

It easily follows that a sufficient condition for equation (5.1) to be (k, n —
k) disfocal on (a, o) is that for x € [a, o0)

k
1)'f (s — x)"~k" ‘2 p‘() — ) ds < 1.

If we further restrict our attention to the Banach lattice B = {u €
C*=Va, Bllu™a)=0 for i=0,1,...,k—1} with cone 2,_,; ={u €
Blu® >0 for i=0,1,...,k—1}, we can find an explicit necessary
condition in terms of the coefficients for the (k, n — k) disfocality on the
interval [a, B) of the equation

(n—k

k-1
(5.6) u(x) = (=1)"* S pi(x)u(x) = 0.

i=0
We first reformulate the sufficient condition of Theorem 5.2 as it applies to
equation (5.6).

THEOREM 5.5. A sufficient condition for the interval [a, B) to contain a
(k, n — k) focal point of equation (5.6) is that there exists a nontrivial function
o contained in the cone 2, _, such that

j;ka (-, S) kg{: p‘,(s)v(i)(s) ds >0

with respect to the cone %, _,.

The following corollary follows trivially from Theorem 5.5.
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COROLLARY 5.6. A sufficient condition for the interval (a, B] to contain a
(k, n — k) focal point of equation (5.6) is that there exists a nontrivial function
v with the following properties:

(@)v € C* Va, Blandv € Q,_,,

(i) v® exists and is continuous on [a, B] except for a finite number of
discontinuities,

@iii) (n — k= DIV B(s — Xy k1R pu(s)oD(s) ds > v¥(x) for a < x
< B.

As an application of Corollary 5.6 we present the following necessary
condition for the absence of focal points. The proof is based on a technique
of Nehari [6].

THEOREM 5.7. A necessary condition for equation (5.6) to be (k,n — k)
disfocal on the finite interval [a, B) is that for x € [a, B),

1 B net—15G! pi(s)
(_n——k-_l)'j; G- Ty

(5.7
-t dds <1,

PRrooF. For fixed but arbitrary x € [a, 8), define
1
(k=1
1
(k=1
Foreach x € [a, B),w € 2, _, and

1 a<s<x<§p
K)o} = ’ ’
w(s) {0, a<x<s< B

For t € [a, B), define

H0 = w00 ~ e [ = 0TS om0

f‘(s—t)""dt, a<s<x<p,
w(s) = .

* k-1
f(s—z) di, a<x<s<p.

If ¢ # x, then this differentiable and

k-1
KO = o=y [ 6= 0 S O ds >0,

and furthermore h(x —) — h(x +) = 1. Since h(B8) =0, h(s) < 0 for all
t € [x, B], and, since h(r) > 0 on [a, x), A(x) < 0 would imply h(?) < O for
! € [a, x). It follows that if (x) < 0, then A(#) < O for all ¢ € [a, B], i.e., for
t €[a, B],



350 M. S. KEENER AND C. C. TRAVIS

w®(1) <m f (s =" '2 Pi(s)w(s) ds.
Applying Corollary 5.6, (a, 8] would contain a (k, n — k) focal point for
equation (5.6). Since the equation is assumed to be (k, n — k) disfocal on
[a, B), we must have h(x) > 0, or equivalently, condition (5.7) holds. This
completes the proof of the theorem.

To obtain a necessary condition for equation (5.6) to be (k, n — k) disfocal
on the interval [a, c0) we note that (5.7) must hold for all 8 > a. In
particular we obtain

1 © n—k— pi(s)
sy oEmr ¢TI E gmiy

-f:(s -V drds < 1.
If we apply condition (5.8) to the equation
i=
where 0< p, i=0,1,...,n—2, then, since s" "' —(s—x)"""1>

s"~""2x, a necessary condition for equation (5.9) to be (n — 1, 1) disfocal on
the interval [0, c0) is that

"l o ps) sn-
(5.10) Eof TR =2 ds < 1
or
n=2 (n-1) L
(5.11) xg,o e f i=%.(s) ds < (n — ).

For n = 2, the condition (5.11) reduces to the well-known sharp necessity
condition of Hille [3] for the equation y” + py(x)y = 0 to be disfocal on
[0, 00), namely

x[“pols) ds < 1,

Furthermore, if we consider the equation (5.6) with p;(x) =0 on [0, o) for
i=12,...,n—2, then we have the equation y + p,(x)y = 0 considered
by Nehari [6]. Condition (5.11) becomes

- (5.12) x[“s ) ds <(n -1, x€(0, ),

which is precisely the condition obtained by Nehari for this equation. Finally
we note that when condition (5.11) is applied to the equation
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YO +p(x)y" P =0, 0<j<n-2
it yields

x [T () ds < (j - 1)
X
as a necessary condition for (n — 1, 1) disfocality.
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